Abstract. We introduce and study another variant of shadowing called mean ergodic shadowing. We relate it with other variants of shadowing. We show that mean ergodic shadowing and distality cannot stay together in a dynamical system. Finally, we show that a minimal system with shadowing cannot have mean ergodic shadowing.
Introduction
Throughout this paper, a dynamical system is a pair (X, f ), where X is a compact metric space (To avoid technical difficulties, we assume that X has at least two points) and f : X → X is a continuous map. The concept of shadowing was originated from Anosov closing lemma and because of its rich consequences, shadowing plays a central role in topological dynamics. From experience, mathematicians believe that study of certain variants or generalizations of a particular interesting concept give new insight. This belief gave the impetus to study several variants of shadowing including ergodic shadowing [5] , sub-shadowing [4] , average shadowing [2] and almost average shadowing [6] . These variants share a common motivation of studying the behaviour of a dynamical system by exploiting the closeness of approximate orbits and exact orbits. The similarities and differences between shadowing and each of these variants help to understand better the behaviour of a system with shadowing. In the present paper, we study a new variant of shadowing called mean ergodic shadowing. The first motivation to introduce such a notion comes from the fact that using it we can easily see the connection between the class of variants which are defined using the concept of average error (average shadowing and almost average shadowing) and the class of variants which are defined using the concept of density of subsets of natural numbers (ergodic shadowing and sub-shadowing). In fact, we show that these variants are equivalent for a surjective continuous map with shadowing. Interestingly, this equivalence does not hold for a dynamical system with non-compact phase space [7] .
Two other important dynamical notions are distality and minimality. It is known [1] that a distal homeomorphism on a compact connected metric space cannot have shadowing. On the other hand, every distal homeomorphism on the cantor space possesses shadowing. In this paper, we show that mean ergodic shadowing and distality cannot stay together in a dynamical system. Finally, we show that a minimal dynamical system with shadowing cannot possess mean ergodic shadowing.
Preliminaries
Let (X, d) be a compact metric space containing at least two points and f be a continuous map on X. Let N denotes the set of non-negative integers. The density, upper density and lower density of E ⊂ N is given by lim n→∞
respectively, where [0, n − 1] = {0, 1, 2, 3, ..., n − 1} and # denotes the cardinality.
Let {x i } i∈N be a sequence in X and ǫ, δ be positive real numbers. Then,
(ii) {x i } i∈N is said to be an almost δ-average pseudo orbit if lim sup n→∞
f is said to have shadowing if for every ǫ > 0, there is δ > 0 such that every δ-pseudo orbit is ǫ-shadowed by some x ∈ X. (vi) f is said to have d-shadowing [4] if for every ǫ > 0 there is δ > 0 such that every δ-ergodic pseudo orbit ξ = {x i } i∈N is ǫ-shadowed by some point x ∈ X in such a way that d(B(x, ξ, ǫ) > 0, where
f is said to have almost average shadowing [6] if for every ǫ > 0 there is δ > 0 such that every almost δ-average pseudo orbit is ǫ-shadowed in average by some x ∈ X.
. We say that f is chain transitive if for any ǫ > 0 and any pair of points x, y ∈ X there is a finite ǫ-chain from x to y (i.e. x 0 = x and x n = y) and is totally chain transitive if f k is chain transitive for each k ≥ 1. A pair (x, y) ∈ X × X is said to be proximal (resp. asymptotic) if lim inf n→∞ d(f n (x), f n (y)) = 0 (resp. lim n→∞ d(f n (x), f n (y)) = 0). The set of all proximal (resp. asymptotic) pairs of f is denoted by P rox(f ) (resp. Asym(f )). f is called equicontinuous if for every ǫ > 0, there is δ > 0 such that
Definition and General Properties
Recall from [5] that a sequence {x i } i∈N is said to be a δ-ergodic pseudo orbit if
..}, where {x 0 , x 1 , ..., x m 0 } and {x m i +1 , ..., x m i+1 } are finite δ-chains and {m i } i∈N has density zero. Definition 3.1. A map f has mean ergodic shadowing if for every ǫ > 0 there is δ > 0 such that every δ-ergodic pseudo orbit is ǫ-shadowed in average by some point in X.
Lemma 3.2. A map f has mean ergodic shadowing if and only if for every
Proof. Suppose that f has mean ergodic shadowing. For every ǫ > 0 there is δ > 0 such that if {x i } i∈N is a δ-ergodic pseudo orbit, then there is x ∈ X such that lim sup n→∞
Conversely, fix ǫ > 0 and choose η <
This implies that f has mean ergodic shadowing.
In view of Lemma 3.2, the following definition of mean ergodic shadowing is useful in our study. Proof. Suppose that f has mean ergodic shadowing. Let ǫ > 0 and 0 < ǫ ′ < ǫ be given for ǫ by uniform continuity of h
Definition 3.3. A map f has mean ergodic shadowing if for every
Further, let δ > 0 be given for ǫ ′ by mean ergodic shadowing of f and δ ′ > 0 be given for δ by uniform continuity of h i.e.
This shows that {h −1 (x i )} i∈N is a δ ′ -ergodic pseudo orbit for f . So by mean ergodic shadowing, there is x ∈ X such that d(E ′ ) < ǫ ′ , where
by mean ergodic shadowing of f , g respectively. Let δ = min {δ 1 , δ 2 } and {(x i × y i ) i∈N } be a δ-ergodic pseudo orbit for f × g. Then {x i } i∈N and {y i } i∈N are δ 1 and δ 2 ergodic pseudo orbit for f and g respectively. So, there is x ∈ X and y ∈ Y such that d(A) < , where
, (x i × y i )) ≥ ǫ} < ǫ. This completes our proof. 
} between x i and x i+1 for all i ∈ N, we obtain a δ-ergodic pseudo orbit
..} for f . By mean ergodic shadowing of f , there is y ∈ X such that lim sup n→∞
Thus, we conclude that f k has mean ergodic shadowing for each k > 1.
We now understand mean ergodic shadowing through the following simple examples. and set a 0 = {0, 1}, a 1 = {0, 1, 1, 0}, a 2 = {0, 1, 0, 1, 1, 0, 1, 0},..., a n = { 0, 1, 0, 1, ..., 0, 1 (0,1) repeated n-times , 1, 0, ..., 1, 0, 1, 0
Note that {x n } n∈N = {a 0 ∨ a 1 ∨ a 2 ∨ ... ∨ a n } n∈N is a δ-ergodic approximate orbit for any δ > 0, where ∨ denotes the concatenation operation, for example, a 0 ∨ a 1 = {0, 1, 0, 1, 1, 0}. But {x n } n∈N is not ǫ-traced in average because of the following argument.
Observe that a tracing point x must come from the ǫ-neighborhood of either zero or one. If it comes from a neighborhood of zero, then the orbit cannot trace the n-times repeated (1, 0) in the second half of each of a n . If it comes from a neighborhood of one, then the orbit cannot trace the n-times repeated (0, 1) in the first half of each of a n .
(ii) If f is the constant map on X, then it does not have shadowing but has mean ergodic shadowing.
Relation With other Variants of Shadowing
In this section, we prove several propositions to prove the following result which extends Theorem 3.4 [6] . Proof. Suppose that f has ergodic shadowing. So, corresponding to any given ǫ > 0 one can find δ > 0 having the property that if {x i } i∈N is a δ-ergodic approximate orbit, then for some element x ∈ X, d(f i (x), x i ) < ǫ for all i ∈ N but in a set of density zero. Hence, the result follows from Definition 3.3.
Proposition 4.3. If f has almost average shadowing, then it has mean ergodic shadowing.
Proof. It is enough to show that a δ-ergodic pseudo orbit {x i } i∈N is an almost δ-average pseudo orbit.
This completes a proof of the result. Proof. If f has mean ergodic shadowing, then for every ǫ > 0 there is δ > 0 such that every δ-ergodic pseudo orbit {x i } i∈N is ǫ-shadowed by some point x ∈ X in such a way that d(E) < ǫ, where
Without loss of generality we can choose ǫ < 1. Since B(x, ξ, ǫ Proof. It follows from Proposition 4.4 and Theorem 2.5 [4] that f is totally chain transitive. If f has shadowing, then f k has shadowing. Therefore, it is enough to show that chain transitivity implies transitivity.
Suppose that f is chain transitive. Let U, V ⊂ X be a pair of non-empty open sets and x ∈ U, y ∈ V . Let ǫ > 0 be such that B(x, ǫ) ⊂ U and B(y, ǫ) ⊂ V . Let δ > 0 be given for ǫ by shadowing of f . Since f is chain transitive, for any sufficiently large n > 0 there is a finite set {x = x 0 , x 1 , ..., x n = y} which can be extended to a δ-pseudo Theorem 4.1 is not true without the assumption that the phase space is compact. This fact is justified in [7] through example. 
Relation with Distality and Minimality
In this section, we investigate relations of mean ergodic shadowing with each of distality and minimlaity.
Theorem 5.1. If f has mean ergodic shadowing, then P rox(f ) \ ∆(X) = φ.
Proof. Suppose that f has mean ergodic shadowing. Let x, y ∈ X with x = y and ǫ > 0 be given. Let δ > 0 be given for 
For each j ∈ N, define
Then, {w i } i∈N is a δ-ergodic pseudo orbit. So, by mean ergodic shadowing there is z ∈ X such that d(f i (z), w i ) < ǫ except a set of upper density less than ǫ, which implies the following:
• there are infinitely many j ∈ N for which there is i j ∈ {m 2j +1, m 2j +2, ..., m 2j+1 } such that d(f i j (z), w i j ) < ǫ.
• there are infinitely many j ∈ N for which there is i j ∈ {m 2j+1 + 1,
Thus, we get sequences {m i } i∈N and
Since ǫ > 0 is arbitrary, we can see that both (z, x) and (z, y) are proximal pairs for f and hence, P rox(f ) \ ∆(X) = φ. Proof. Suppose f is almost distal. Let Y 1 and Y 2 be two disjoint closed invariant subsets of X. If y 1 ∈ Y 1 and y 2 ∈ Y 2 , then by Theorem 5.1, we get z ∈ X such that (z, y 1 ), (z, y 2 ) ∈ P rox(f ) = Asym(f ). Then, for any ǫ > 0 there is N ≥ 1 such that d(f n (y 1 ), f n (y 2 )) < ǫ for all n ≥ N, which implies distance between Y 1 and Y 2 is zero, a contradiction. Proof. If possible, suppose that f has mean ergodic shadowing. Let x, y ∈ X with x = y and 0 < ǫ < for all n ∈ N and therefore,
Thus, f kn (p) ∈ B(x, ǫ) and since d(x, y) > 2ǫ, y / ∈ O f k (p). Thus, f k is not minimal. As f k is transitive, there is q ∈ X such that O f k (q) = X. Since f k is not minimal, q / ∈ M(f k ) = M(f ) which implies f is not minimal, which is a contradiction. 
